Let a, b, c be fixed coprime positive integers with min{a, b, c} > 1. In this survey, we consider some unsolved problems and related works concerning the positive integer solutions (x, y, z) of the ternary purely exponential diophantine equation a x + b y = c z .
Introduction
Let Z, N be the sets of all integers and positive integers, respectively. A great deal of number theory arises from the discussion of the integer or rational solutions of a polynomial equation with integer coefficients. Such equations are called diophantine equations. Using the definition given by T. N. Shorey and R. Tijdeman [158] , those diophantine equations with fixed bases and variable exponents are called purely exponential equations. Let a, b, c be fixed coprime positive integers with min{a, b, c} > 1. In this survey we investigate the ternary purely exponential equations of the form a x + b y = c z , x, y, z ∈ N.
(1.1)
We give an outline of the contents of this survey. First, in this Introduction (Section 1), after some explanatory comments to help orient the reader, we give the current bounds on the variable exponents x, y, and z. We then give the current bounds on the number of solutions (x, y, z) to (1.1).
Section 2 deals with the Jeśmanowicz conjecture, which states that, if (a, b, c) is a Pythagorean triple, then the only solution to (1.1) is (x, y, z) = (2, 2, 2). Work on this conjecture is characterized by many different highly specific results, making it difficult for those working on this conjecture to know if they are making full use of what is available and not reproving old results. Here the first author presents the existing work in an organized manner, which we hope will greatly facilitate future work on this problem.
Section 3 introduces the Terai-Jeśmanowicz conjecture, which states that (1.1) has at most one solution with min{x, y, z} > 1. Here the first author clarifies the various oversights which have occurred in previous formulations of the conjecture. Then a third conjecture, which includes both the Jeśmanowicz and TeraiJeśmanowicz conjectures, is stated and briefly discussed. The remainder of Section 3 is largely concerned with various cases for which it can be shown that (1.1) has at most one solution.
Before proceeding, it might be helpful to point out what is not included in this survey. First, when one of x or y is fixed, (1.1) becomes the familiar Pillai equation, which has already been thoroughly handled in an excellent survey by M. Waldschmidt [189] . So here we treat only cases in which all of x, y, and z are variable. Second, (1.1) can be viewed as a specific case of an S-unit equation. The many results of this type are usually not included here. Third, we do not reference any work from the vast and familiar literature dealing with cases in which at least one of the bases a, b, c is variable. Finally, we deal largely with fairly recent results; we do not attempt to give a complete history of the problem.
We note that the first author conceived the project and drafted the bulk of this paper and its extensive bibliography, the second author contributed some sections showing connections to more general work on exponential equations as well as contributing multiple improvements, and the third author edited previous versions and prepared the final version as well as handling various technical matters.
We now begin our discussion of (1.1).
In 1933, K. Mahler [128] used his p-adic analogue of the diophantine approximation method of ThueSiegel to prove that (1.1) has only finitely many solutions (x, y, z). His method is ineffective. An effective result for solutions of (1.1) was given by A. O. Gel'fond [47] . In 1999, M.-H. Le [89] used some elementary methods to prove that if c ≡ 1 mod 2, then the solutions (x, y, z) of (1.1) satisfy z < 2 π ab log(2eab). This gives a bound on z independent of c. Recently, R. Scott and R. Styer [157] proved that if c ≡ 1 mod 2 then z < 1 2 ab. In some cases, finding a bound on z independent of c can be taken quite a bit further: when every prime dividing ab is in a given finite set of primes S, it is often possible to show that (1.1) implies z = 1 except for a finite list of specified exceptions; to do this, elementary methods sometimes suffice (e. g., S = {2, 3, 5}), but in general they do not, particularly when 2 ∈ S. M. A. Bennett and N. Billerey [3] deal with the case S = {3, 5, 7}, completely handling not only (1.1) but also the more general case in which A and B are S-units such that A + B = c z , z > 1. We now consider finding bounds on max{x, y, z}. N. Hirata-Kohno [65] showed that if c ≡ 1 mod 2 then max{x, y, z} < 2 Let N (a, b, c) denote the number of solutions (x, y, z) of (1.1). As a straightforward consequence of an upper bound for the number of solutions of binary S-unit equations due to F. Beukers and H. P. Schlickewei [6], we have N (a, b, c) ≤ 2 36 . Considering the parity of x and y, all solutions (x, y, z) of (1.1) can be put into the following four classes:
Class I: x ≡ y ≡ 0 mod 2. Class II: x ≡ 1 mod 2 and y ≡ 0 mod 2. Class III: x ≡ 0 mod 2 and y ≡ 1 mod 2. Class IV: x ≡ y ≡ 1 mod 2. Under this approach, M.-H. Le [89] proved that if a < b and c ≡ 1 mod 2, then each class has at most 2 ω(c)−1 solutions (x, y, z), where ω(c) is the number of distinct prime divisors of c, except for (a, b, c) = (3, 10, 13). This implies that N (a, b, c) ≤ 2 ω(c)+1 if c ≡ 1 mod 2. Recently, R. Scott and R. Styer [157] improved this: if c ≡ 1 mod 2, all solutions (x, y, z) of (1.1) occur in at most two distinct parity classes and each class has at most one solution when solutions exist in two distinct classes, and at most two solutions Because computer searches suggest that N (a, b, c) ≤ 1 except for the known cases of double solutions, there have been a series of conjectures concerning exact upper bounds for N (a, b, c). In the next two sections, we shall introduce these conjectures and related works.
Jeśmanowicz conjecture
A positive integer triple (A, B, C) is called a Pythagorean triple if
In particular, if gcd(A, B) = 1, then (A, B, C) is called a primitive Pythagorean triple. By (2.1), every Pythagorean triple (A, B, C) can be expressed as
where (A 1 , B 1 , C 1 ) is a primitive Pythagorean triple. Notice that every primitive Pythagorean triple (A 1 , B 1 , C 1 ) satisfies C 1 ≡ 1 mod 2, also A 1 and B 1 have opposite parity. We may therefore assume without loss of generality that A 1 ≡ 1 mod 2 and B 1 ≡ 0 mod 2. So we have
In 1956, L. Jeśmanowicz [75] conjectured that if (A, B, C) is a Pythagorean triple, then the equation
has only one solution (x, y, z) = (2, 2, 2). By (2.2), (2.3), and (2.4), Jeśmanowicz' conjecture can be rewritten as follows:
Conjecture 2.1. For any positive integer n, the equation
has only the single solution (x, y, z) = (2, 2, 2), where f , g are positive integers satisfying (2.3).
Jeśmanowicz' conjecture has been proven to be true in many special cases. But, in general, the problem is not solved as of yet.
Primitive cases
In this subsection we consider Conjecture 2.1 for n = 1. Many of the early works on Conjecture 2.1 deal with (2.5) for the case n = 1, f = g + 1.
(2.6) When (2.6) holds, Conjecture 2.1 is true if one of the following conditions is satisfied:
, 5, 7, 9, 10, 11 mod 12, g ≡ 2 mod 5, g ≡ 3 mod 7, g ≡ 4 mod 9, g ≡ 5 mod 11, g ≡ 6 mod 13, or g ≡ 7 mod 15.
(iv) (D. For any positive integer t, let P (t) denote the product of the distinct prime divisors of t. Except for the above mentioned works, the existing results on Conjecture 2.1 for n = 1 can be divided into three cases as follows.
Case I. A solution (x, y, z) of (2.5) with (x, y, z) = (2, 2, 2) is called exceptional. If n = 1, then the exceptional solutions of (2.5) have the following properties:
(ii) (T. Miyazaki [134] 
(ix) (Y. Fujita and T. Miyazaki [45] ) 2f g ≡ 0 mod 2 k and 2f g ≡ ±2 
Non-primitive cases
In this subsection we consider Conjecture 2.1 for n > 1. There was no study of this problem until 1998. In 1998, M.-J. Deng and G. L. Cohen [35] proved that if n > 1, f 2 − g 2 is an odd prime power, and either n ≡ 0 mod P (2f g) or 2f g ≡ 0 mod P (n), then (2.5) has only one solution (x, y, z) = (2, 2, 2). One year later, M.-H. Le [88] gave a more general result on Conjecture 2.1 for n > 1. He proved that if n > 1, then every exceptional solution (x, y, z) of (2.5) satisfies one of the following conditions:
(ii) x > z > y and 2f g ≡ 0 mod P (n). (iii) y > z > x and f 2 − g 2 ≡ 0 mod P (n). Sixteen years later, H. Yang and R.-Q. Fu [198] simplified Le's result, showing that the condition (i) can be removed. The above two results are invariably used for solving (2.5) with n > 1.
Many works investigated (2.5) in the case [140] independently solved the case (2.7), namely, they proved that if n, f , and g satisfy (2.7), then Conjecture 2.1 is true.
Conjecture 2.1 for n > 1 has also been verified in the following cases. ( [198] ) (f, g) = (2 k , 2 k − 1) and 2 k − 1 is an odd prime, where k is a positive integer.
(xxiii) (H. Yang and R.-Q. Fu [199] ) (f, g) = (2 k + 1, 2 k ) and 2 k + 1 is an odd prime, where k is a positive integer.
(xxiv) (T.-T. Wang, X-H. Wang, and Y.-Z. Jiang [193] ) If f = g + 1 and c > 500000, then (2.5) has no solutions (x, y, z) with y > z > x.
A shuffle variant of the Jeśmanowicz conjecture
Let (A 1 , B 1 , C 1 ) be a primitive Pythagorean triple with B 1 ≡ 0 mod 2. Then A 1 , B 1 , and C 1 can be expressed as in (2.3). In 2011, T. Miyazaki [135] proposed the following conjecture:
has only one solution (x, y, z) = (1, 1, 2), otherwise (2.8) has no solutions (x, y, z).
This is an unsolved problem as well. Up to now, it has been verified in the following cases.
where k is a positive integer. (v) (X.-H. Wang and S. Gou [194] 
, where k is a positive integer and p is an odd prime.
Terai-Jeśmanowicz conjecture
Let p, q, r be fixed positive integers such that .
, (x, y, z) = (1, 1, 1) and (k + 2, 2, 2) where k is a positive integer with k ≥ 2.
Obviously, Conjecture 3.3 contains Conjecture 3.2 and Conjecture 2.1 for n = 1. Undoubtedly, we can look upon Conjecture 3.3 as the ultimate aim of solving (1.1). Although the known results concerning (1.1) show Conjecture 3.3 to be true in many cases, the complete resolution of the conjecture is a very difficult problem.
Earlier Results
Since the 1950s, methods that arise in elementary number theory and algebraic number theory have been used to find all solutions (x, y, z) of (1.1) Let k be a fixed positive integer. H. Edgar asked how many solutions (y, z) there are to the equation
for fixed distinct odd primes b and c (see R. K. 
Generalized primitive Pythagorean triples
For p = q = 2 and r > 2, by (3.1), we have [132] , [136] [139] showed that the exceptional cases (r, f ) of Luca's result satisfy r < 10 74 and f < 10 34 . Similarly, T. Miyazaki and F. Luca [142] 
Miscellaneous Results
In this subsection we introduce the other works on (1. 
where b is an odd integer with b > 1. They proved that if (x, y, z) is a solution of (3.6) with (x, y, z) = (1, 1, 1), then either x > z ≥ y or y > z > x. Obviously, for any b, (3.6) has solutions (x, y, z, n) = (1, 1, 1, t) and (3, 2, 2, (b + 1)/2), where t is an arbitrary positive integer. In 2014, Y.-H. Yu and Z.-P. Li [205] proved that, for any b, (3.6) has only finitely many solutions (x, y, z, n) with x > z = y. In the same year, W.-J. Guan and S. Che [52] found all solutions (x, y, z, n) of (3.6) with x > z = y for b ≡ 7 mod 8. They proved that if b ≡ 7 mod 8, then (3.6) with x > z = y has only the solutions Yang [64] showed that the solution (x, y, z) = (2, 1, 3) is unique. Moreover, S.-C. Yang and B. He [201] proved that if (a, b, c) = (8f 3 + 3f, 3f 2 + 1, 4f 2 + 1), where f is a fixed positive integer, then (1.1) has only one solution (x, y, z) = (2, 1, 3) .
Let (a, b, c) = (2f, 2f g − 1, 2f g + 1), where f , g are fixed positive integers with min{f, g} > 1. In 2012, T. Miyazaki and A. Togbé [145] proved that (1.1) has solutions (x, y, z) if and only if either f = 2g or g = f 2 . Further, (1.1) has only one solution (x, y, z) = (2, 2, 2) if f = 2g or (3, 2, 2) if g = f 2 . Let (a, b, c) = (f n 2 + 1, (g 2 − f )n 2 − 1, gn), where f , g, n are fixed positive integers. If f , g, and n satisfy one of the following conditions, then (1.1) has only one solution (x, y, z) = (1, 1, 2) . 
For any positive integer t with t ≥ 2, if the sequence 
A shuffle variant of the Terai-Jeśmanowicz conjecture
Finally, we introduce a shuffle variant of the Terai-Jeśmanowicz conjecture proposed by T. Miyazaki [138] as follows: 
has only one solution (X, Y, Z) = (1, 1, p) . Otherwise, (3.8) has no solutions (X, Y, Z).
In the same paper, T, Miyazaki proved that Conjecture 3.5 is true if q = r = 2 and b + 1 = c. In general, this problem has not been solved yet.
[2] Y. An [64] B. He and S.-C. Yang. The positive integer solutions of the diophantine equation (8a 
